DISCRETE MATHEMATICS PROOF BY INDUCTION

DISCRETE MATHEMATICS PROOF BY INDUCTION IS A FUNDAMENTAL TECHNIQUE WIDELY USED IN THE FIELD OF DISCRETE
MATHEMATICS TO ESTABLISH THE TRUTH OF AN INFINITE SEQUENCE OF PROPOSITIONS OR STATEMENTS. THIS METHOD IS
ESSENTIAL FOR PROVING PROPERTIES RELATED TO INTEGERS, SEQUENCES, AND OTHER DISCRETE STRUCTURES THAT ARISE IN
COMPUTER SCIENCE, COMBINATORICS, AND NUMBER THEORY. THE PROOF BY INDUCTION PROCESS INVOLVES VERIFYING A BASE
CASE AND DEMONSTRATING THAT IF A STATEMENT HOLDS FOR AN ARBITRARY CASE, IT ALSO HOLDS FOR THE NEXT CASE,
THEREBY PROVING THE STATEMENT FOR ALL NATURAL NUMBERS. THIS ARTICLE EXPLORES THE PRINCIPLES OF DISCRETE
MATHEMATICS PROOF BY INDUCTION, INCLUDING ITS FORMAL STRUCTURE, DIFFERENT FORMS, AND COMMON APPLICATIONS.
READERS WILL GAIN A COMPREHENSIVE UNDERSTANDING OF HOW INDUCTION PROOFS FUNCTION AND WHY THEY ARE CRITICAL IN
DISCRETE MATHEMATICS. THE DISCUSSION ALSO INCLUDES EXAMPLES AND TIPS FOR CONSTRUCTING EFFECTIVE INDUCTION
PROOFS. THE FOLLOWING SECTIONS OUTLINE THE KEY ASPECTS COVERED IN THIS ARTICLE.

o [UNDERSTANDING THE PRINCIPLE OF MATHEMATICAL INDUCTION

STEPS IN A DISCRETE MATHEMATICS PROOF BY INDUCTION

® \/ARIANTS OF INDUCTION TECHNIQUES

CoMMON APPLICATIONS IN DISCRETE MATHEMATICS

o EXAMPLES OF PROOFS BY INDUCTION

UNDERSTANDING THE PRINCIPLE OF MATHEMATICAL INDUCTION

THE PRINCIPLE OF MATHEMATICAL INDUCTION IS A LOGICAL FRAMEWORK THAT ENABLES MATHEMATICIANS TO PROVE
STATEMENTS ABOUT ALL NATURAL NUMBERS. [N DISCRETE MATHEMATICS PROOF BY INDUCTION, THE GOAL IS TO DEMONSTRATE
THAT A PROPERTY P(N) HOLDS FOR EVERY INTEGER N GREATER THAN OR EQUAL TO A SPECIFIC STARTING VALUE, USUALLY 0
OR 1. THIS PRINCIPLE RESTS ON TWO KEY COMPONENTS: THE BASE CASE AND THE INDUCTIVE STEP.

BAase CASE

THE BASE CASE VERIFIES THAT THE STATEMENT IS TRUE FOR THE INITIAL VALUE OF N. THIS STEP IS CRUCIAL BECAUSE IT
ESTABLISHES THE FOUNDATION FOR THE ENTIRE PROOF. W/ ITHOUT A TRUE BASE CASE, THE INDUCTION PROCESS CANNOT
PROCEED.

INDUCTIVE STEP

THE INDUCTIVE STEP ASSUMES THAT THE STATEMENT HOLDS FOR SOME ARBITRARY INTEGER K (CALLED THE INDUCTIVE
HYPOTHESIS) AND THEN PROVES THAT THE STATEMENT MUST ALSO HOLD FOR K + 1. THIS STEP LINKS EACH CASE TO THE NEXT
CREATING A CHAIN OF VALIDITY THAT EXTENDS INFINITELY.

/7

LoGicAL FOUNDATION

DISCRETE MATHEMATICS PROOF BY INDUCTION IS GROUNDED IN THE WELL-ORDERING PRINCIPLE OF NATURAL NUMBERS, WHICH
STATES THAT EVERY NON-EMPTY SET OF NATURAL NUMBERS HAS A LEAST ELEMENT. THIS ENSURES THAT IF THE BASE CASE AND
INDUCTIVE STEP ARE ESTABLISHED, THE PROPOSITION HOLDS FOR ALL NATURAL NUMBERS.



STEPS IN A DISCRETE MATHEMATICS PROOF BY INDUCTION

CONDUCTING A DISCRETE MATHEMATICS PROOF BY INDUCTION INVOLVES A SYSTEMATIC APPROACH THAT ENSURES CLARITY
AND RIGOR. THE PROCESS CAN BE BROKEN DOWN INTO SEVERAL DISTINCT STEPS, EACH OF WHICH PLAYS A VITAL ROLE IN THE
OVERALL PROOF.

STEP 1: STATE THE PROPOSITION

THE FIRST STEP IS TO CLEARLY STATE THE PROPOSITION P(N) TO BE PROVEN. THIS STATEMENT OFTEN INVOLVES EXPRESSIONS
OR INEQUALITIES DEFINED FOR ALL INTEGERS N GREATER THAN OR EQUAL TO A BASE VALUE.

STep 2: ProvE THE BASE CASE

DEMONSTRATE THAT P(N) IS TRUE FOR THE INITIAL VALUE OF N, TYPICALLY N = 0O orR N = 1. THIS ESTABLISHES THE STARTING
POINT OF THE INDUCTION CHAIN.

STEP 3: FORMULATE THE INDUCTIVE HYPOTHESIS

ASSUME THAT P(K) IS TRUE FOR SOME ARBITRARY NATURAL NUMBER K. THIS ASSUMPTION IS TEMPORARY AND IS USED AS A
STEPPING STONE TO PROVE THE NEXT CASE.

STEP 4: PROVE THE INDUCTIVE STEP

USING THE INDUCTIVE HYPOTHESIS, PROVE THAT P(K + ]) IS TRUE. THIS OFTEN INVOLVES ALGEBRAIC MANIPULATION, LOGICAL
DEDUCTIONS, OR APPLYING PREVIOUSLY ESTABLISHED THEOREMS.

STep 5: CoNCLUDE THE PROOF

ONCE BOTH THE BASE CASE AND INDUCTIVE STEP ARE VERIFIED, IT FOLLOWS BY THE PRINCIPLE OF MATHEMATICAL INDUCTION
THAT THE PROPOSITION P(N) HOLDS FOR ALL NATURAL NUMBERS N.

SUMMARY OF THE INDUCTION PROCESS

o CLEARLY ARTICULATE THE STATEMENT TO BE PROVED
e VERIFY THE BASE CASE

ASSUME THE STATEMENT FOR N = K (INDUCTIVE HYPOTHESIS)

PROVE THE STATEMENT FORN =K + 1

e CONCLUDE THE PROOF USING INDUCTION PRINCIPLE



V ARIANTS OF INDUCTION TECHNIQUES

DISCRETE MATHEMATICS PROOF BY INDUCTION COMES IN SEVERAL FORMS, EACH SUITED TO DIFFERENT TYPES OF PROBLEMS AND
STRUCTURES. UNDERSTANDING THESE VARIANTS ENHANCES THE VERSATILITY OF INDUCTION AS A PROOF METHOD.

SiMpLE (OrR WEAK) INDUCTION

THIS IS THE CLASSIC FORM OF INDUCTION DESCRIBED PREVIOUSLY, WHERE THE INDUCTIVE STEP ASSUMES P(K) TO PROVE P(K +
-|) |T IS WIDELY USED FOR SEQUENCES AND SERIES WHERE EACH STEP DEPENDS ONLY ON ITS IMMEDIATE PREDECESSOR.

STRONG INDUCTION

STRONG INDUCTION ASSUMES THAT THE STATEMENT HOLDS FOR ALL VALUES UP TO K, L.E., P(1), P(2), ..., P(k), AND THEN
PROVES P(k + 1). THIS IS PARTICULARLY USEFUL WHEN THE PROOF FOR N = Kk + 1 DEPENDS ON MULTIPLE PREVIOUS CASES
RATHER THAN JUST THE IMMEDIATE ONE.

STRUCTURAL INDUCTION

STRUCTURAL INDUCTION IS USED TO PROVE PROPERTIES OF RECURSIVELY DEFINED STRUCTURES SUCH AS TREES AND LISTS.
INSTEAD OF NATURAL NUMBERS, THE INDUCTION APPLIES TO THE COMPONENTS OR SUBSTRUCTURES OF THE OBJECT.

W ELL-FOUNDED INDUCTION

THIS GENERALIZATION OF INDUCTION RELIES ON A WELL-FOUNDED RELATION INSTEAD OF THE NATURAL NUMBER ORDER. |T IS
APPLICABLE IN MORE ABSTRACT SETTINGS WHERE THE DOMAIN IS NOT NECESSARILY THE SET OF NATURAL NUMBERS.

CoMMON APPLICATIONS IN DISCRETE MATHEMATICS

DISCRETE MATHEMATICS PROOF BY INDUCTION IS INDISPENSABLE IN A VARIETY OF APPLICATIONS, PARTICULARLY IN COMPUTER
SCIENCE AND COMBINATORICS. |TS ABILITY TO CONFIRM PROPERTIES ACROSS INFINITE SETS MAKES IT A POWERFUL TOOL.

ProVING FORMULAS FOR SUMS AND SEQUENCES

MANY CLASSIC SEQUENCES AND SUMMATIONS, SUCH AS ARITHMETIC AND GEOMETRIC SERIES, ARE PROVEN USING INDUCTION. For
EXAMPLE, THE FORMULA FOR THE SUM OF THE FIRST N NATURAL NUMBERS OR THE SUM OF A GEOMETRIC PROGRESSION OFTEN
RELIES ON INDUCTION PROOFS.

ALGORITHM CORRECTNESS

INDUCTION IS COMMONLY USED TO PROVE THE CORRECTNESS OF RECURSIVE ALGORITHMS. BY SHOWING THAT THE ALGORITHM
WORKS FOR A BASE CASE AND THAT IF IT WORKS FOR SMALLER INPUTS, IT ALSO WORKS FOR LARGER INPUTS, THE OVERALL
CORRECTNESS IS ESTABLISHED.

DivisiBILITY AND NUMBER THEORY

INDUCTION HELPS PROVE DIVISIBILITY PROPERTIES OF INTEGERS, SUCH AS STATEMENTS INVOLVING FACTORIALS, POWERS, AND



MODULAR ARITHMETIC. THESE PROOFS CONFIRM PATTERNS AND PROPERTIES FUNDAMENTAL TO NUMBER THEORY.

COMBINATORIAL IDENTITIES

MANY COMBINATORIAL IDENTITIES, INCLUDING BINOMIAL COEFFICIENTS AND PASCAL’S TRIANGLE PROPERTIES, ARE PROVEN
THROUGH INDUCTION. THIS VALIDATES FORMULAS USED EXTENSIVELY IN COUNTING AND PROBABILITY.

ProorFs oN GRAPHS AND TREES

STRUCTURAL INDUCTION IS OFTEN APPLIED IN GRAPH THEORY TO PROVE PROPERTIES ABOUT TREES, SUCH AS THE NUMBER OF
EDGES OR THE HEIGHT OF A TREE IN RELATION TO THE NUMBER OF NODES.

ExAMPLES OF PROOFS BY INDUCTION

CONCRETE EXAMPLES DEMONSTRATE THE PRACTICAL APPLICATION OF DISCRETE MATHEMATICS PROOF BY INDUCTION. THESE
EXAMPLES ILLUSTRATE THE STEP-BY-STEP PROCESS AND COMMON TECHNIQUES USED IN INDUCTION PROOFS.

ExAMPLE 1: SuM oF THE FIRST N NATURAL NUMBERS

PROVE THAT FOR ALL NATURAL NUMBERS N > ], THE SUM OF THE FIRST N NATURAL NUMBERS IS GIVEN BY THE FORMULA:
1+2+3+..+N=nN(N+1)/2

ProoF:

—_

. BASE CASE: FORN= 1, THE SUM IS 1, AND THE FORMULA GIVES 1(1+1)/2 = 1. BASE CASE HOLDS.
2. INDUCTIVE HYPOTHESIS: ASSUME THE FORMULA HOLDS FORN =K, LE, 1+ 2 + .. +k=k(k + 1)/2.

3. INoUCTIVE STEP: FORN =K + 1, THESUM IS (1 + 2 + .. + k) + (k + 1). BY THE HYPOTHESIS, THIS EQUALS k(K +
/2 + K+ 1).

4. FacTor AND sSIMPLIFY: kK(k + 1)/2 + (k+ 1) = (k(k + 1) + 2(k + 1))/2 =(k + 1)k + 2)/2.

5. THIS MATCHES THE FORMULA WITHN =K + -|, SO THE INDUCTIVE STEP HOLDS.

THEREFORE, BY MATHEMATICAL INDUCTION, THE FORMULA IS TRUE FOR ALL NATURAL NUMBERS N.

ExAMPLE 2: DiviSiBILITY BY 3

PROVE THAT FOR ALL N > 1, THE NUMBER 4”N - 1 IS DIVISIBLE BY 3.

Proor:

1. BAse case: ForN=1,4"1- 1= 3, WHICH IS DIVISIBLE BY 3.
2. INDUCTIVE HYPOTHESIS: ASSUME 4"k - 1 1S DIVISIBLE BY 3 FOR SOME K > 1.
3. INbUCTIVE STEP: ConsIDER 4™ (k+1) - 1=4 % 4% - 1=(4% 4"« -4) + 3 =4(4"- 1) + 3.

4. BY THE INDUCTIVE HYPOTHESIS, 4"k - 115 DIVISIBLE BY 3, SO 4(4”k - 1) IS ALSO DIVISIBLE BY 3.



5. SiNce 3 IS DIvVISIBLE BY 3, THE SuM 4(4"k - 1) + 3 IS DIVISIBLE BY 3.

THeReFORE, 4N - 1 1S DIVISIBLE BY 3 FOR ALL N > 1.

FREQUENTLY ASKeD QUESTIONS

\WHAT IS THE PRINCIPLE OF MATHEMATICAL INDUCTION IN DISCRETE MATHEMATICS?

THE PRINCIPLE OF MATHEMATICAL INDUCTION IS A PROOF TECHNIQUE USED TO PROVE STATEMENTS OR FORMULAS THAT ARE
ASSERTED FOR ALL NATURAL NUMBERS. |T INVOLVES TWO STEPS: THE BASE CASE, WHERE THE STATEMENT IS PROVEN TRUE FOR
THE INITIAL VALUE (USUALLY N=1 ), AND THE INDUCTIVE STEP, WHERE ASSUMING THE STATEMENT HOLDS FOR N=K, IT IS THEN
PROVEN TO HOLD FOR N=k+ 1.

How Do YOU STRUCTURE A PROOF BY INDUCTION FOR A SUMMATION FORMULA?

To PROVE A SUMMATION FORMULA BY INDUCTION, FIRST VERIFY THE BASE CASE BY SUBSTITUTING THE SMALLEST VALUE OF N
AND SHOWING THE FORMULA HOLDS. THEN ASSUME THE FORMULA HOLDS FOR N=K (INDUCTIVE HYPOTHESIS), AND USE THIS
ASSUMPTION TO PROVE THE FORMULA HOLDS FOR N=k+ 1 BY ALGEBRAIC MANIPULATION.

\WHAT ARE COMMON MISTAKES TO AVOID WHEN DOING PROOF BY INDUCTION?

COMMON MISTAKES INCLUDE FAILING TO PROVE THE BASE CASE, INCORRECTLY ASSUMING THE INDUCTIVE HYPOTHESIS APPLIES
TO N=k+ 1 , SKIPPING STEPS IN THE INDUCTIVE STEP, AND NOT CLEARLY STATING THE INDUCTION HYPOTHESIS AND CONCLUSION.

CAN PROOF BY INDUCTION BE USED FOR SEQUENCES DEFINED RECURSIVELY?

YES/ PROOF BY INDUCTION IS OFTEN USED TO PROVE PROPERTIES OF RECURSIVELY DEFINED SEQUENCES BY SHOWING THE BASE
CASE HOLDS AND THAT IF THE PROPERTY HOLDS FOR N=K, IT ALSO HOLDS FOR N=K+ 1.

WHAT IS STRONG INDUCTION AND HOW DOES IT DIFFER FROM REGULAR INDUCTION?

STRONG INDUCTION IS A VARIATION WHERE THE INDUCTIVE STEP ASSUMES THE STATEMENT HOLDS FOR ALL VALUES UP TO N=K,
RATHER THAN JUST FOR N=K, TO PROVE IT HOLDS FOR N=K+ 1. IT 1S USEFUL WHEN THE PROOF FOR N=K+ 1 DEPENDS ON MULTIPLE
PREVIOUS CASES.

How CAN INDUCTION BE APPLIED TO PROVE INEQUALITIES IN DISCRETE MATHEMATICS?

INDUCTION CAN PROVE INEQUALITIES BY ESTABLISHING THE BASE CASE WHERE THE INEQUALITY HOLDS, THEN ASSUMING IT HOLDS
FOR N=K AND PROVING IT FOR N=K+ 1 USING ALGEBRAIC MANIPULATION AND PROPERTIES OF INEQUALITIES.

IS INDUCTION APPLICABLE ONLY TO NATURAL NUMBERS?

INDUCTION IS PRIMARILY USED FOR NATURAL NUMBERS BECAUSE IT RELIES ON A WELL-ORDERED SET STARTING FROM A BASE
CASE. HO\X/EVER, SIMILAR INDUCTION PRINCIPLES CAN BE ADAPTED FOR OTHER WELL-ORDERED SETS OR STRUCTURES.

ADDITIONAL RESOURCES

1. DiscreTE MATHEMATICS AND ITS APPLICATIONS BY KENNETH H. ROSEN
THIS COMPREHENSIVE TEXTBOOK COVERS A WIDE RANGE OF TOPICS IN DISCRETE MATHEMATICS, INCLUDING DETAILED SECTIONS
ON PROOF TECHNIQUES SUCH AS INDUCTION. |T PROVIDES CLEAR EXPLANATIONS AND NUMEROUS EXAMPLES TO HELP STUDENTS



UNDERSTAND AND APPLY MATHEMATICAL INDUCTION EFFECTIVELY. THE BOOK IS WIDELY USED IN UNDERGRADUATE COURSES AND
INCLUDES EXERCISES THAT REINFORCE THE CONCEPTS.

2. ConcreTe MATHEMATICS: A FOUNDATION FOR CoMPUTER SCIENCE BY RONALD L. GRAHAM, DoNALD E. KNUTH, AND OREN
PATASHNIK

“CONCRETE MATHEMATICS” BLENDS CONTINUOUS AND DISCRETE MATHEMATICS, WITH A STRONG EMPHASIS ON PROBLEM-
SOLVING AND PROOF TECHNIQUES LIKE INDUCTION. THE BOOK OFFERS IN-DEPTH DISCUSSIONS ON SUMMATIONS, RECURRENCES,
AND GENERATING FUNCTIONS, ALL OF WHICH FREQUENTLY UTILIZE INDUCTION. |T IS KNOWN FOR ITS RIGOROUS APPROACH AND
CHALLENGING EXERCISES THAT DEEPEN UNDERSTANDING.

3. How 10 ProVE IT: A STRUCTURED APPROACH BY DANIEL J. VELLEMAN

THIS BOOK IS DESIGNED TO TEACH STUDENTS THE FUNDAMENTALS OF MATHEMATICAL REASONING, INCLUDING PROOFS BY
INDUCTION. VELLEMAN PROVIDES A STEP-BY-STEP APPROACH TO CONSTRUCTING PROOFS, MAKING IT EASIER FOR BEGINNERS TO
GRASP INDUCTION AND OTHER PROOF METHODS. THE TEXT INCLUDES NUMEROUS EXAMPLES AND EXERCISES TO PRACTICE WRITING
FORMAL PROOFS.

4. DISCRETE MATHEMATICS WITH APPLICATIONS BY SUSANNA S. Epp

EPP’S BOOK IS PRAISED FOR ITS CLEAR, ACCESSIBLE WRITING STYLE AND FOCUS ON LOGIC AND PROOF TECHNIQUES, ESPECIALLY
INDUCTION. |T INTRODUCES THE PRINCIPLES OF DISCRETE MATHEMATICS IN A WAY THAT EMPHASIZES UNDERSTANDING AND
CONSTRUCTING PROOFS. THIS MAKES IT AN EXCELLENT RESOURCE FOR STUDENTS WHO WANT TO MASTER INDUCTION ALONGSIDE
OTHER FOUNDATIONAL TOPICS.

5. INTRODUCTION TO THE THEORY oF COMPUTATION BY MICHAEL SIPSER

\W/HILE PRIMARILY FOCUSED ON COMPUTATIONAL THEORY, THIS BOOK INCLUDES ESSENTIAL DISCRETE MATHEMATICS CONCEPTS

SUCH AS INDUCTION FOR PROVING PROPERTIES OF ALGORITHMS AND AUTOMATA. SIPSER’S CLEAR EXPLANATIONS HELP READERS
UNDERSTAND HOW INDUCTION IS APPLIED IN THEORETICAL COMPUTER SCIENCE. [T IS A STANDARD REFERENCE IN MANY COMPUTER
SCIENCE PROGRAMS.

6. MATHEMATICAL PROOFS: A TRANSITION TO ADVANCED MATHEMATICS BY GARY CHARTRAND, ALBERT D. POLIMENI, AND
PING ZHANG

THIS TEXTBOOK FOCUSES ON DEVELOPING PROOF-WRITING SKILLS, WITH INDUCTION PROMINENTLY FEATURED AMONG VARIOUS
PROOF TECHNIQUES. |T GUIDES STUDENTS THROUGH THE LOGIC AND STRUCTURE BEHIND PROOFS, PROVIDING EXAMPLES IN
DISCRETE MATHEMATICS CONTEXTS. THE BOOK IS SUITABLE FOR THOSE TRANSITIONING FROM COMPUTATIONAL OR PROCEDURAL
MATH TO MORE ABSTRACT REASONING.

7. DISCrRETE MATHEMATICS: MATHEMATICAL REASONING AND PROOF WiTH PUZzLES, PATTERNS, AND GAMES BY DouGLAS E.
EnsLEY AND J. WINSTON CRAWLEY

THIS ENGAGING BOOK USES PUZZLES AND GAMES TO TEACH DISCRETE MATHEMATICS CONCEPTS, INCLUDING INDUCTION. IT
ENCOURAGES CREATIVE THINKING AND HELPS STUDENTS SEE THE PRACTICAL APPLICATIONS OF INDUCTION IN PROBLEM-SOLVING.
THE INTERACTIVE APPROACH MAKES LEARNING PROOFS BOTH ENJOYABLE AND MEMORABLE.

8. ELEMENTS OF DISCRETE MATHEMATICS: A ComMpPUTER-ORIENTED APPROACH BY C.L. LIU

LIU’S BOOK OFFERS A COMPUTER SCIENCE PERSPECTIVE ON DISCRETE MATHEMATICS, EMPHASIZING ALGORITHMIC THINKING AND
PROOF METHODS LIKE INDUCTION. |T PRESENTS CLEAR EXAMPLES AND EXERCISES THAT RELATE MATHEMATICAL INDUCTION TO
PROGRAMMING AND ALGORITHMS. THIS APPROACH HELPS BRIDGE THE GAP BETWEEN THEORY AND PRACTICE.

9. Proors AND FUNDAMENTALS: A FIRST COURSE IN ABSTRACT MATHEMATICS BY ETHAN D. BLocH

THIS TEXT INTRODUCES STUDENTS TO THE ART OF MATHEMATICAL PROOF, WITH THOROUGH COVERAGE OF INDUCTION AND
OTHER TECHNIQUES. BLOCH’S APPROACHABLE STYLE MAKES COMPLEX IDEAS ACCESSIBLE, FOCUSING ON BOTH THE WHY AND
HOW OF PROOFS. THE BOOK IS IDEAL FOR STUDENTS BEGINNING THEIR JOURNEY IN HIGHER-LEVEL MATHEMATICS.
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